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Abstract 

If X = X{t, ^) is the solution to the stochastic porous media equation 
in O C W^, 1 < d < 3, modelling the self-organized criticality [5] and 
Xc is the critical state, then it is proved that m{0 \ OQ)dt < oo, 
P-a.s. and limt^oo Jq \X{t) — Xc\dS, = i < oo, P-a.s. Here, m is the 
Lebesgue measure and O* is the critical region G O; X{t,^) = 
Xc{^)} andXc(^) < X{0,^) a.e. ^ € O. If the stochastic Gaussian per- 
turbation has only finitely many modes (but is still function- valued) , 
limt_^oo fx l^(^)~^cMC = exponentially fast for all compact K C O 
with probability one, if the noise is sufficiently strong. We also recover 
that in the deterministic case £ = 0. 
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1 Introduction 



The self-organized criticality is a property of dynamical systems which have 
a critical point as an attractor and which emerges spontaneously to this 
attractor. U X = X{t,^), t > 0, ^ e O C R'^, d = 1,2,3, is the state of the 
system distributed in the spatial domain O and if Xc = Xc{^) is a critical 
state, then X{t, ■) divides the space into the following three spatial regions: 

critical region O* = e O; X{t,i) = X^{i)} , 

subcritical region Ot = e O; X{t,^) < Xd^)}, 

supercritical region 0\ = G C; X{t,^) > Xc{^)}, 

The main feature of the self-criticality phenomena is that the subcritical 
and supercritical regions are unstable and absorbed in time by the critical 
region via an autonomous mechanism. The standard model of self-organized 
criticality is the celebrated sand-pile model introduced by Bak, Tang and 
Wiesenfeld [1], which is formalized via automation theory ([2]) and leads to 
parabolic nonlinear equations of porous media type 

dX 

(1.1) — = aAH{X - X,) in (0, oo) x C, 

where a > and H is the Heaviside functions. (See, also, [3] for a com- 
plete description of this model.) In the presence of a stochastic Gaussian 
perturbation, the model is best described by the stochastic (porous media) 
equation 

dX{t) - aAH{X{t) - X,) = a{X{t) - X^)dWt in (0, oo) x O, 
^^■^^ X(0) = x in O. 

In [5], existence and uniqueness of solutions to (1.2) are shown and it is also 
proved that we have finite-time extinction oi t ^ X[t) — X^ with positive 
probability in 1 — D. In terms of self-organized criticality behavior, this 
means that the subcritical and supercritical regions are absorbed in finite- 
time with positive probability by the critical region (9*. Our aim here is to 
establish a similar result in dimensions = 2, 3, at least asymptotically. The 
first main result. Theorem 2.2 below, amounts to saying that "for almost all 
{tn} — )■ oo" we have 

(1.3) lim m{0 \ O*") = 0, P-a.s., 
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where m is the Lebesgue measure on O and we assume for the initial state 
that X > Xc a.e. in O. The second main result, Theorem 2.3 below, says 
that X{t), multiplied by the exponential of the function- valued noise, con- 
verges to Xc in L^{0) asymptotically and that, if the noise is nondegenerate 
away from the boundary of O (see (2.10) below), then X{t) itself converges 
asymptotically to Xc locally in L^{0) exponentially fast. 

Notation. In the following, (9 is a bounded and open subset of M'^, d > 
1, with smooth boundary, and L^{0), 1 < p < oo, is the space of all p- 
integrable functions mO with the usual norm denoted by | ■ \p. For k = 
1,2, H^{0), Hl{0) and H~^{0) are standard Sobolev spaces on O. More 
precisely, Hl{0) is the subspace of functions u G H^{0) with zero trace on 
the boundary dO of O and H = H~^(0) is the dual of Hq(0) with the norm 



Here, A = -A, D{A) = H^{0) n H^{0) and (-, is the scalar product 
of L2(C). 



Everywhere in the following, {Q, T , Tt, P} is a stochastic basis and {/3j}^i 
is a sequence of mutually independent Brownian motions which induces the 
filtration {Tt\t>s). By L'^(0, T; L^(n, y)), where F is a Hilbert space, we 
denote the space of all g-integrable processes u : (0,T) — )■ L^(f2,y). By 
C([0,T]; L^(f2,y)) we denote the space of all F-valued processes which are 
mean-square continuous on [0,T]. 

2 Hypotheses and the main result 

Consider the equation 




(2.1) 



dX{t) - aAi{j{X{t))dt 3 (r{X{t))dWt in (0, oo) x O, 

x{o,0 = x{0, eeo, 

tp{X{t,^))3 0, on (0, cx)) X aC. 



Here, a is a positive constant and 



(HI) iplr) = sign r, 



where sign r = r\r 



if r 7^0, signO= [-1,1], 
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(H2) (r{X)dW = J2fJ'kXekdPk, 



k=l 



where {/ifc} is a sequence of real numbers such that 

oo 

(2.2) J2^'l^l<^ 

k=l 

and {cfc} is the orthonormal basis in L'^{0) consisting of eigenvectors of A 
with eigenvalues {A^}, that is, Ae^ = Xk^-k, k = 1,.... Here {Xj}'^^ is taken 
in increasing order. 

Definition 2.1 Let x E H = H~^{0). An //-valued continuous J-j adapted 
process X = X{t) is said to be a solution to equation (2.1) if, on every 
interval (0,T), T > 0, 

(2.3) X eL\Qx (0, T)xO)n L\0, T; L\0, H)) 
and there is 77 G L^(fi x (0, T) x O) such that 



(2.4) 



{X{t),e,),= {x,ej),+ [ I r]{s,i)Ae,{i)dids 

Jo Jo 
00 „t 

+ / {X{s)ek,ej)^dPk{s), Vj eN, te [0,T], 

k=i "^0 



(2.5) e ?/^(X) a.e. on (0,T) X C» X 

One of the main results established in [5] (see, also, [4]) is that, for each 
X e LP{0), p > 4, there is a unique solution X e L'^{0,T; LP{n,0)) fl 
L^{n,C{[0,T];H^\O))) to equation (2.1). Moreover, if x > a.e. m O, 
then X > a.e., F-a.s. (See [5, Theorem 2.2].) Other existence results for 
the stochastic porous media equation (2.1) for general maximal monotone 
functions ip with the range all of R were established in [6], [9]. 

In this paper we prove the following asymptotic results for solutions to 
equation (2.1). 
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Theorem 2.2 Assume that (HI) and (H2) hold and that x G L^(0), x > 0, 
on O. Then 

(2.6) lim / X{t,i)di = ^<oo, P-a.s. 

Jo 

and 

POO 

(2.7) / m{0 \ Ol)dt < oo, F-a.s., 

Jo 

where m is the Lebesgue measure and 

Oi = {CeO; x{t,0 = o}, t>0. 

As mentioned earlier, Theorem 2.2 apphes to the self-organized stochastic 
model (1.2), that is, 

dX{t) - a A sign {X{t) - X,)dt = a{X{t) - X^)dWt, 
X(0) = X - X, in C. 

If X - > a.e. in O, then X{t) - X^ > a.e. on O for aU t > 0, P-a.s. 
and so, by Theorem 2.2, it follows that m{0 \ Oq) G L^{0, oo), P-a.s., which 
roughly speaking means that, "for almost all sequences" — )■ oo, we have 
m{0 \ C^) ^ 0, P-a.s. 

As regards the asymptotic result (2.6), one might expect that i = 0, P-a.s. 
Indeed, this is the case in the deterministic case (see [3]). For equation (2.1), 
we have 

limX(t) = in LUO), 

t->oo 

if the Gaussian noise a{X)W has a finite number of modes, that is, 

N 

(2.9) a{X)W{t) = ^ iJkekX{t)Pk{t) on (0, oo) x C 

k=l 

and 

N 

(2.10) /^(0 = E'"^^'^(^)>0' 

k=l 

More precisely. 
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Theorem 2.3 Consider the situation of Theorem 2.2. In addition, assume 
that (2.9) holds and 

N 

fi{t) = -^fikCkf^kit), t>0. 

k=l 

Then: 

(i) lim e^^^^X{t) = in L^{0), P-a.s. In particular, i = in the deter- 
ministic case [of. [3]). 

(ii) //, additionally, (2.10) holds, then 

(2.11) limX(t) = znLL(O). 

Moreover, for each compact set K C O, 

N \l/2^ 



(2.12) Jk 



t > 0, P-a.s., 



where K' G O is any compact neighborhood of K. In particular {by 
the law of the iterated logarithm for Brownian motion), there exists a 
constant > such that, for P-a.e. u E Q 

(2.13) f X{t,i,io)di<\x\2m{KYl^e-P''\ "rft > to{ 

We note that, if > 0, then assumption (2.10) holds, because the 
first eigenfunction of the Laplace operator is strictly positive on O (see, e.g., 
[7, p. 340]). 

The proofs of Theorems 2.2 and 2.3 are given in Sections 3 and 4, respec- 
tively. For simplicity, we take a = 1 in (2.1). 

3 Proof of Theorem 2.2 

Consider the approximating equation 

dXx{t) - A{MXx{t)) + XXx{t))dt = a{Xx{t))dWt in (0, oo) x O, 
(3.1) XxiO) =x on C, 

Xx = on (0, oo) X do, 
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where AG (0, 1) and 

[ J if \r\ < A, 

^A(r) = ^ (l-(l + A^)-^(r))= I 1 if^>A, 

[ -1 if r < -A. 

(Here 1 is the identity map.) As shown in [4, Theorem 2.2] and [5, Proposition 
3.5], equation (3.1) has a unique solution Xx in the sense of Definition 2.1 
and 

X, e L\n, C([0, T]; H)) n L2(0, T; L^n, Hl{0))). 

Moreover, since x G L^{0) and x > 0, also X\ > on (0, oo) x O x Q and, 
as proved in [5], for A — j- 0, we have for all T > 0, 

Xx ^ X weakly in L2(fi X (0,T) X C), 

(3.2) weak* in L°°(0, T; L\n, L'^{0)) and 

strongly in L'^{n; C{[0, T]; H)), 

and 

(3.3) V'a(^a)) + AXa ^ ?7 weakly in L\n x (0,T) x C) 



(3.4) r] G ^/^(X) a.e. on Q x (0, oo) x C. 

By Ito's formula and the monotonicity of ipx, we have (cf. [9, Proof of 
Theorem 2.8 and Remark 2.9 (iii)] 

^ \Xx{t)\l + / [ V{4Jx{Xx) + \Xx)-VXxd^ds 
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Jo 

X 



1 . ,2 



2 

fc=i 



Jo 



t 

2 



^"'7 / 

fc=i -^0 



Xi{s)ekdl3k{s), t G [0,cx)), P-a.s., 



and t XA(t) G L^(C) is continuous P-a.s. 
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This yields, since ||efc||oo < C^k, because d <3, 

ft °° ft 

\XMl + 2A / \VX,{s)\lds<\x\l + Cj2f^l>^l \Ms)\lds 
Jo f^^^ Jo 

PC pt p 

+ V/Xfc / / Xl{s)ekdidPk{s). 

Then, by (2.2) and by the Burkholder-Davis-Gundy inequahty, we obtain 
the estimate that for some constant Ct > and all A G (0, 1) 



(3.5) 



E sup \Xxit)\l + XE [ \VXx{s)\lds <Ct\x\1 

t€[0,T] Jo 



Now, arguing as in Proposition 3.5 in [5], we consider a function (fx ^ C'b 
such that (px{0) = and 

r 

f'x{r) = — for |r| < A, (p'x{r) = 1 + A for r > 2A, 

(3.6) ^ 

ip'^(r) = -1 - A for r < -2A and < ^';((r) < — , 

A 

for all r e R and some C > 0. 

This is a smooth approximation of the function r — )■ |r| and it is easily 
seen that 

(3.7) |(^',(r) - V^,(r)| < CA, Vr G M, A > 0. 

We set = (1 + eAy^Xx and note that 

dY^it) + ^(1 + eA)-\MXx{t)) + XXx{t))dt = (1 + eA)-'a{Xx{t))dWt 
Y^{0) = {l + eA)-'Xx{0), e>0. 

Also, the process t — Y^{t) is continuous i^Q (O)-valued on [0,T]. Then, by 
Ito's formula applied to the iifg -valued process Y^, we have 
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Jo 



Jo Jo 



(3.8) 



Jo 



+ / / v'xiY^is,Om + ^A)-\X,e,)is,0\'dsdC 



+ E/^W {v'xiyxis,0),a + eAr\X,ek){s,0)),d(3k{s), 



Vt > 0, P-a.s. 



Now, recalling that Xx e L'^{0,T] L'^{Q,H^{0)) for all A > 0, we have that 
Xx strongly in L'^{0,T; H^{0)),F-a.s. as e ^ 0. Similarly, for all 
T > 0, we have 

V{{l+6A)-\i;x{Xx) + \Xx)) ^ V{iJx{Xx) + XXx) 

il + eAy\Xxek) ^ X^e^ 

strongly in L'^{0,T; L'^O)), P-a.s. as e ^ 0. 

Furthermore, it is easy to see that by (3.5) and the Burkholder- 
Davis-Gundy inequality for p = 1, the stochastic term converges in 
Li(fi;C([0,T],L2(O)), as £ ^ 0. Also, the first term in (3.8) converges 
for a.e. t G [0, T] after passing to a subsequence — )■ 0. So, altogether, we 
obtain 



(3.9) 




k=l 



+ ^iik {Xx{s)ek,^'x{Xx{s)))^dPk{s) for a.e. t > 0, P-a.s. 
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On the other hand, by the L^((9)-continuity of Xx it follows that the first 
term in (3.9) is continuous, as are all the other terms in (3.9). Hence, (3.9) 
holds for all t > 0, P-a.s. 

On the other hand, by (3.6) we have the following estimate 



(3.10) 



/ / VxiXx)\X,e,\'d^ds 
k=i -^0 -^^ 



'0 JO 

where 1a is the characteristic function of the set 

{{s, ^, u) e {0,oo) X O X Q; < Xx{s, ^, u) < 2A}. 
Now, we prove 

(3.11) lim / ipx{Xx{t,0)d^ = I X{t,^)dC, Vt > weakly in L^(f]). 
Indeed, by (3.6) we have for fixed t > 



^x{Xx{t,i))di = (1 + A) / Xx{t,i)di 



+^ / Xl{t,Od^+ [ ifx{Xx{t,0)d^. 
Taking into account (3.2) and that i^xif) < C\ for r G [A,2A], this yields 

(3.12) / ^x{Xx{t,i))di= [ Xx{t,Od^ + o{X), a.e. Vt > 0, P-a.s. 
Jo Jo 

We also note that, by (3.2), we have 

(3.13) Xx{t) X{t) weakly in L2(l] X O), for alH > 0. 

(Indeed, {Xx{t)} is strongly convergent to X{t) in L^{Q;H) for each 
t e [0, oo) and is bounded in L'^{Q x O) for all t G [0, oo).) 
Then, by (3.12) and (3.13) we find that 

lim / Lpx{Xx{t,i))di= [ X{t,i)d^, Vt > weakly in L2(1]), 
Jo Jo 
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as claimed. 

Now, we set 

(3.14) hit) = [ [ {VMXx) + XVX^)-Vif'^iX^)d^ds, t>0, 

Jo Jo 

oo „t 

(3.15) AfA(t) = V/Xfc / {Xxe,,ip\{Xx))^dPkis), t>0. 

k=l 

We recall that, by (H2), 

Mx{t) = [\^'^iX^is)),aiX,{s))dWis)), 
Jo 

= [\a{X,{s)r^'{X,{s)),dW{s)),. 
Jo 

where, for h G L'^{0), 

oo 

a{Xx{s))h = ^ /ifc (efc, h)^ Xxis)ek. 

k=l 

We shall prove below that, for the adjoint operators a{Xx{s))* on L^(C) we 
have, for all T > 0, 

(3.16) aiXxTifxiXx) ^ (r{Xyr] weakly in L\{0, T) x C x fi) as A ^ 0. 
This implies that 

oo „J 

\imMx{t) = M{t) = Y,^ik {X{s)ek^ri)^dPu{s) 

(3.17) tt 

weakly in L'^{Vt), \/t>0. 

Now, let us prove (3.16). First, we note that by (3.3), (3.4), (3.5) and (3.7) 
as A — !■ 

(3.18) Xx^X and v?a(^a) ^ V weakly in L'^{{0, T)xOxn), 
and that, by (3.6) and (3.4), 

(3.19) \^'x{Xx)U\v\oo<2, 
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where the norm refers to L°°((0,T) x O x Q). (3.19) imphes that, for some 
constant C = C{T, O) > 



E / \a{Xx{s)yip'{Xx{s))\lds 
'o 

j-T I OO \ ^ 

= e/ sup lLp'{Xx{s)),y2^k{ek,h)^Xx{s)ek) ds 

<cf^/i^iE r\X,is)\'ds, 
Jo 



fc=l 



which, by (3.18) is uniformly bounded for A G (0, 1). Hence 

(3.20) {a{Xxyip'{Xx)}x€{o,i] is bounded in L'^{{0, T)xOxn). 

Now, let F e L°°((0,T) x n;H^{0)). Then 



E / (F(s), a{X{s)rr^{s) - a{Xx{s)y^'x{Xx{s))), ds 



< 



E / {F{s),a{X{s)){v{s) - ^'x{Xx{sm,ds 



E / {F{s),a{X{s) - Xx{sWx{Xx{s))),ds 
Jo 

N T 

V/XfcE / {{F{s),X{s)ek)^ek,v{s) - v'x{Xx{s)))^ds 
k=i Jo 

+E [ I J2 d{ek,vis)-v'x{Xx{s)))l] \F{s)X{s)Uds 



J2 /"fcE / (cfc, cp'xiXxis)))^ (F(s)efc, X(s) - Xa(s))2 ds 
k=i Jo 

+E^ I E /i^^(e.,¥'l(^A(5)))n |F(5)(X(s)-X,(.))|2C?. 



of which the second and fourth term by (3.18), (3.19) and the boundedness 
of F converge to zero uniformly in A G (0,1) as — ?■ oo. By (3.18), the 
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same is true for the first term for each fixed as A — )■ 0. Furthermore, the 
third term is up to a constant C{T, O) > dominated by 



IL°°((0,T)xO 



N T 

^ij^^fcE/ \X{s)-Xx{s)Wds, 

k=l "^0 



which, for each fixed as A — 0, also converges to zero by (3.2). Hence, 
first letting A — j- and then N ^ oo and, using (3.20), we obtain (3.16). 
Then, by (3.9), (3.10), (3.11) and (3.17), we have 



(3.21) 

where 
(3.22) 



X{t,C)di + I{t)= / x{i)di + M{t), Vt>0, P-a.s., 
o Jo 



I{t) =w -\im.h{t), t>0, 

A— >0 



and w — limA^o denotes weak limit in L^((9). 

We set 

Z{t)= [ X{t,Od^, t>0. 
Jo 

We see that Z is a nonnegative semimartingale with EZ{t) < oo, Vt > 0. 
By (3.5) and (3.2) and lower-semicontinuity, it follows that, for all T > 0, 



(3.23) 



E 



sup \X{t)\l 

te[o,T] 



< oo, 



where we note that sup^gjQy] |X(t)|2 = ess supjg[Q.p]|X(t)|2 since P-a.s. 
t I—)- |X(t)|| is lower-semicontinuous by Definition 2.1. The latter then to- 
gether with (3.23) implies that P-a.s. the function t — )■ X{t) is weakly con- 
tinuous in L'^iO) on [0, oo) and so the function t — )■ Z{t) is P-a.s. continuous 
on [0, oo). Define 

I{t):= ZiQ)- Z{t) + M{t), t>0, 

then / is a continuous version of /. We note that, clearly, by (3.22) for all 
Q<s<t 

I{s) < I{t), P-a.s. 
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with the P-exceptional set depending on s,t. 

Hence (first considering all rational s, t G [0, oo), < s < t), we conclude 
by continuity that 

/(s) < Ht), V < s < t, P-a.s., 

i.e. / is a P-a.s. nondecreasing process. 
Hence, altogether we have 

Z{t) + I{t) = Z{0) + M{t), Vt>0, 

where M is a continuous local martingale and / is an a.s. nondecreasing 
process. Then, by [8, p. 139] we may conclude that 

(3.24) 3 lim Z{t) < oo, /(oo) < oo, P-a.s. 

t—>oo 

It follows therefore that there exists 

(3.25) e=\im I X{t,Od^, P-a.s. 
Fix t > 0. Noting that P-a.s. 

hit) > [ VMXxis))-^v'xiXx{s))ds 
Jo 



(3.26) 



it follows by (3.3), (3.5) and (3.22) that, as A ^ 0, 

(3.27) i^x{Xx) -> V weakly in L\{0,T) x n;H^{0)). 

This, as well as (3.22), remains true if P is replaced by p ■ P for every p e 
L~(fi), p > 0. Hence (3.26) and (3.22) imply 



E 



t 

2 



\Vr]\^ds p 



< liminfE[JA(t)p] = E[J(t)p]. 

A->0 



Since p G L°°{Q), p > 0, was arbitrary, this implies that 

ft 



/ l^vllds < I{t), P-a.s. 
Jo 
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Hence, by continuity, 

/ \Vri\lds < /(t), V t > 0, P-a.s. 
Jo 

and, consequently, by (3.24), 

(3.28) lim^ < I{oo) < oo, P-a.s. 

Now, by the Sobolev embedding theorem, we have by (3.28) that 



2 

OO / /. \ ^ 



(3.29) J dt \r]\P dCj < oo, P-a.s., 

where ^ = | — ^ for (i > 2, p* G [2, oo) for = 2 and = oo for d = 1. 

Recalhng that t] G sign X = 1 on [X 0], a.e. on (0, oo) x C x f2, it 
follows by (3.29) that 

POO 

/ (m(C \ Ol))^dt < oo, P-a.s., 
which implies (2.7), as claimed. This completes the proof of Theorem 2.2. 

4 Proof of Theorem 2.3 

Assume in this section that (2.9) holds. We recall that 

N N 

(4-1) ^ = -^^fcefc/3fc, Ji = ^filel 

k=l k=l 

and that the initial datum x belongs to L*{0). 
Take 

(4.2) F(t) = e'^WX(t), Vt>0. 

Then we have (see [5, Lemma 4.1]) 

4- Y(t) = e^Ai^ie-^Y) - - JiY, \/t > 0, P-a.s., 
dt 2 

(^•3) y(0) = x on C, 

'0(e-^y) G H^{0), yt > 0, P-a.s., 
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where the derivative ^ is taken in H~^(0). (Recall that ^(r) = sign r and 
in (4.3), by Definition 2.1, there arises a section 77 of sign(e~^y).) 

First, we shall establish a few estimates on the solution Y to (4.3), which 
have also an interest in themselves. 

Lemma 4.1 We have 

(4.4) \Y{t)\2<\x\2, Vt>0,P-a.s. 

Proof. Consider the solution Y\ to the approximating equation 

(4.5) ^ = e'-A(^.(e-n) + Ae-n)--^n, 

Yx(0)^X, Y>.e L^{0,T;H>,{0)), 

which corresponds to (3.1), i.e. 1a = e^^A- Multiplying (4.5) by Yx and 
integrating over O, we obtain 

ljt\Yxit)\l+ I ViMe~'Y,) + \e-^Y,)V{e^Y,)dC 

(4.6) ^ 

= — / Y^Jld^ < 0, for a.e. t > 0, 
2 Jo 

because Ji > 0, a.e. on (9 x f2. On the other hand, recalling that 

, V if \z\ < A, 

(4.7) V{^|J,){z) = A 



if \z\ > A, 



we get, by (4.6) 

1 d 

2 Jt 



^ Jo 

+ \ [ e^''[\VXx\^ + 2XxVXx-Vfx]d^<0 a.e. t > 0, 
Jo 

where 1" is the characteristic function of {{t,C)] < {e~'^Yx){t,^) < A}. 
This yields 



d 
dt 



\Yx{t)\l < 2^(^i ir + A^ |XA|V^|V//|2d^ 

< 2\ [ {l + \Xx\^)e^''\Vfx\^d^, a.e. t > 0. 
Jo 



'o 
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Integrating, we obtain 

(4.8) \Yx{t)\l<\x\l + 2X [ |(l + X2)i/2eM|v^||2(is, Vt > 0, P-a.s. 

Jo 

Defining vj^^'^ := Xxie'' A N) and Y^^^ := X(e'^ A A^), e N, we deduce 
from (3.2) tliat for all p E L°°(fi), p > 0, as A ^ oo, 

^ y(JV) ^gg^i^* L°°(0,T; L2(fi,pP;L2(C)). 

Hence 

(4.9) ess supE[|y(^)(t)|^p] < liminf ess snpE[\Yj^^\t)\lp\. 

te[o,T] fe[o,T] 

But, by (4.8), for all N eN, 

myx^\t)\lp] < + 2A||p||ooC, vt > 0, P-a.s., 

where 

C := [ (Ele^lVfiWiy/^dt- sup ess sup (E|l + XaII)^/^ 
Jo ag(o,i) te[o,T] 

is finite by [5, Lemma 3.1]. Hence, letting first A — and then — )■ oo in 

(4.9) , since p E L°°{Q), p > 0, was arbitrary, we obtain that 

\Y{t)\l < \x\l for a.e. t > 0, P-a.s. 
Now (4.4) follows, since P-a.s. t — )■ |^(t)|2 is lower- semicontinuous. 
Now, let us turn to the proof of Theorem 2.3. 

To prove (i), let us assume that for some sequence t„ — )■ oo we have that 

(4.10) \Y{tn)\i>S>0, VnGN. 

Here and below Y{t) = Y{t,u) for a fixed u E fl such that (4.4) holds. By 
(4.4), selecting a subsequence if necessary, we have F(t„) — )■ g weakly in 
L^(C) as n -)■ oo. We have that > and by (4.10) 

(4.11) g^O. 
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We recall from the proof of Theorem 2.2 that t H- J^X{t)dC, is continuous, 
hence so is t — > Y(t)d^. So, for every n G N, there exists e„, > such that 



(4.12) 



Yit)di- [ Yitn)dC 
o Jo 



— , Vt G (t^i ~\~ 

n 



It follows by (2.7) that for some subsequence tn,. oo there exist Sk G 

{tuk - en^,,tn^, + SnJ, k eN, SUch that 

j l{xis,)md^ = "^(^ \ Co') ^ as A; ^ cx). 
Hence, selecting another subsequence if necessary, we have 

l^x(sk)^o} — >• a.e. as A; — )■ oo 

and by (4.4) that X{sk) g weakly in L'^{0). 
As a consequence of the first, we obtain 

y(sfc) = Y{sk)l{x{sk)m -> a.e. as k -> oo, 
which, in turn, implies that ^ = 0. Hence, by (4.12) 

/ gd^= lim / Y{tnM= lim [ Y{sk)d^ = [ gd^ = 0. 

J k^oo J k^ooj J 

Hence, g = a.e., since g > 0. This contradiction to (4.11) proves that a 
sequence t„ — with (4.10) does not exist and assertion (i) follows. 

Clearly, to prove (ii), it suffices to prove the exponential decay part of 
Theorem 2.3 (ii). So, additionally, assume that (2.10) holds and let K (Z O, 

o 

K compact, and K' G O a. compact neighborhood of K, i.e., K C K'. Let 
fi* G C^iO) such that < /i* < 1, /i* = 1 on A" and fi* = on O \ K'. 
Furthermore, let Ck '■= inf/^//x. We multiply equation (4.5) by fJ,*Yx and 
integrate over O to obtain 
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1 d 

2 dt 



\{^^r^Y,{t)\l + ^\{^,*Mm 



o 



(4.13) 



V(^A(e-'^yA)) ■ V(eVn)c^e 
-A / V(e-^n) ■ V(e'^^*yA)rfe 

JO 



|VX,|^ + 2X,VX,- V/i + - 



1 V/i* 



2 /i* 



-A 



< 



1 V/i* 



- 1* + A 1 X 



2|V^|V 



2 li* 



2„* , 1 |V/X*r 



2 ^* 

<2A / (l + X,2)[|V/i|V + |V(/i*)^r]e2^de 



e^^^j*di 
e^^di 



Denoting the latter by | 'Hxif), we deduce that 



d_ 
di 



(|(/i*)5y;,(t)|2e^^*) < r]x{t)e^''\ for a.e. t > 0, P-a.s. 



Integrating from to t, we obtain 
(4.14) |(/i*)in(t)l2< l(/i*)^2:|2e-^^* + A / e^'<^'-'^r,x{s)ds, t > 0, F- 



a.s. 



Now analogous arguments as in the proof of Lemma 4.1 imply that after 
letting A — )■ 0, inequality (4.14) turns into 



(4.15) 



|(^*)lr(t)|2 < e-^'<'\{fi*)-2x\l t>0, P-a.s., 
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Hence 



' K J K 



< e-^*|x|2exp I sup(yu)H ^/3fc(t)M \ m{K)i , 



i.e. (2.12) is proved. 

Remark 4.2 For existence of solutions to equation (2.1) in the special case 
(2.9), it is not absolutely necessary to assume that {ek} C Hq{0) is a basis of 
eigenfunctions for A. It suffices to assume that G C^((9) and the proof of 
Theorem 2.3 is essentially the same. Then one might choose Ck, 1 < k < N, 
such that 

mi{m; ^eO} = p>o 

and, in this case, the exponential decay in Theorem 2.3 is global in O. More 
precisely, in (2.11) the compact sets K and K' can be replaced by O, and, 
in this case, (2.12) strengthens to 

(4.16) limX(t) = in Li(C»), P-a.s., 

and, therefore, £ = 0, P-a.s. The details are omitted. 

Remark 4.3 If condition (2.10) does not hold, the following slightly weaker 
statements still hold. Since Jl is analytic on O, the set {^j G O; 
is countable and, therefore, Ji{^) > > 0, G K, for any compact 
K G \ {^j}. Then the proof of Theorem 2.3 applies word by word and we 
have (2.12) and (2.13) in this case, too. 
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